Abstract: A practical design that combines a fuzzy adaptation technique with sliding mode control to enhance robustness and sliding performance in a class of uncertain MIMO nonlinear systems is proposed. Using an online adaptation scheme, a fuzzy sliding mode controller is used to approximate the equivalent control in the neighbourhood of the sliding manifold. The hitting control is appended to ensure that the fuzzy sliding mode control can achieve a stable closed-loop system for the trajectory-tracking control of a plant with unknown nonlinear dynamics. The proposed design simultaneously guarantees the stability of the adaptation of the fuzzy rules and obtains suitable equivalent control when the nominal mathematical model is unknown in advance. It also provides the designers with flexibility to design and implement the fuzzy rule base without domain experts and without a mathematical model. The robust adaptive scheme is applied to a two-link robotic manipulator and shown to be able to guarantee that the output tracking error will ultimately converge to a residual set.
Introduction
Conventional control theory is well suited to applications where the control efforts can be generated based on an analytical model [l, 21. Sliding mode control (SMC), based on the theory of variable structure systems (VSS), has been widely applied to robust control of nonlinear systems [3-81. Sliding mode control performs well in trajectory tracking of some nonlinear systems. It employs a discontinuous control law to drive the state trajectory toward a specified sliding surface and maintain its motion along the sliding surface in the state space. Hung et al. [7] have made a comprehensive survey of VSS theory. The dynamic performance of an SMC system has been confirmed as an effectively robust control approach with respect to system uncertainties and unknown disturbance when the system trajectories belong to predetermined sliding surfaces [9] , However, SMC suffers from some difficulties. First, there are many physical systems with highly coupled nonlinear and uncertain dynamics for which it is generally difficult or even impossible to obtain accurate mathematical models. Secondly, to operate effectively in the sliding surface, SMC requires instantaneous change of the control input without sacrificing the robustness against the model uncertainties and external disturbances. The discontinuity in the control action becomes the cause of chattering, which is undesirable in most applications [7] . In practical implementations, the chattering may cause an unnecessa- Vol. 149 , No. 3, May 2002 rily large control signal as the system uncertainties are large and may damage system components such as actuators. Thus, the chattering has to be eliminated or alleviated as much as possible. Finally, it is usually difficult to directly extend the SMC design into a multiple-input multiple-output (MIMO) system, especially when the coupling among the subsystems is unknown.
The latest studies consider adding computationally intelligent methods to the SMC by automatically tuning the control parameters [ 101. In particular, integrating fuzzy set theory and SMC into fuzzy controller design has produced a superior performance [l l-171. Fuzzy logic control (FLC) is a model-free approach, which is synthesised by a collection of fuzzy IF-THEN rules to decide control action [18, 191. FLC has succeeded in many control applications that conventional control theories have had difficulties with. For complex or ill-defined systems that are not ,amenable to conventional control techniques, FLC provides an alternative approach for both collecting human knowledge and expertise, and dealing with nonlinearities. However, FLC lacks a formal synthesis technique and all fuzzy rules have to be supplied by human experts. To overcome these drawbacks, the fuzzy sliding mode control (FSMC) technique, which is an integration of variable structure control and FLC, provides a simple way to design FLC systematically. This approach retains the positive property of SMC but alleviates the chattering, and the fuzzy control rules can be determined systematically by the reaching condition of SMC. The main advantage of FSMC is that the control method achieves asymptotic stability of the closed-loop system. Thus, FSMC uses fuzzy control to construct the system dynamic model or the control while the fuzzy control rules and variables are obtained directly from the sliding surface equation.
Although FSMC has achieved many practical successes in many fields, several fundamental problems still exist in the control of complex systems. In particular, the integration of fuzzy set theory and SMC into fuzzy controller design, as well as the stability and robustness properties of such a system, are vigorous areas in fuzzy control research. The linguistic expression of fuzzy control makes it very difficult to simultaneously guarantee the stability and robustness of the fuzzy control system if the nominal mathematical model is unknown in advance. Furthermore, the huge amount of fuzzy rules needed for a high-order system always makes the analysis complex. In most of these studies, fuzzy controllers are designed with respect to a phase plane determined by error and change of error according to the state and change of state, which is usually inappropriate. Therefore, various tuning algorithms are usually employed to improve the performance of fuzzy sliding mode controllers. The main contribution of this paper is the implementation of this advanced adaptive SMC control strategy into the framework of fuzzy models. This paper will address the problem of controlling an unknown MIMO nonlinear affined system. The goal is to develop an adaptive MIMO fuzzy sliding mode controller to overcome the interaction among the subsystems by a decoupling neural network and to facilitate robust properties by fine-tuning the consequent membership functions. First, a sliding mode controller for robust tracking control of multivariable nonlinear systems is developed by assuming that imposed uncertainties are bounded and satisfy matching conditions. The fuzzy logic control is then designed on the basis of the SMC law. An FSMC is used to approximate the equivalent control in the neighbourhood of the sliding manifold with online fuzzy self-tuning parameters subject to parameter variations in the control object. Secondly, the hitting control is appended to ensure that the proposed FSMC can result in a closed-loop system that is stable for the trajectory-tracking control of a plant with unknown nonlinear dynamics. As a result, we simultaneously guarantee the global stability of the closed-loop system and obtain a suitable equivalent control when the nominal mathematical model is unknown in advance. In path tracking systems, considerable attention is paid to the control of uncertain dynamical nonlinear systems that are subject to certain internal parameter variations and external disturbances. This scheme also provides the designers with flexibility to design and implement the fuzzy rule base without domain experts and without mathematical model.
Problem formulation and sliding mode control
Consider a MIMO nonlinear system whose equations of motion can be governed by
(1) where y = b l , .
. . , y J T and y(")= by'), . . , ,y$>)lT denote the output vector and its derivative, respectively, then from the theory of variable structure systems and sliding mode control [20] , the motion of the system is governed by linear differential equations (3) whose behaviour IS dictated by the sliding manifold design. Since (4) guarantees (3) to satisfy the Hurwitz stability criterion, the origin in the subspace s, is asymptotically stable with a finite convergence time for each x, from s [21] . Thus, maintaining the system states on the sliding manifold s for all t > 0 is equivalent to the tracking problem y = yd, i.e. it is required that the system errors converge to zero. Then, the system has invariance properties against external disturbances and parameter uncertainties.
If the system state is outside the sliding manifold s, the controller must be designed such that it can force the system states to approach the sliding manifold and then move along the sliding manifold to the origin. By choosing the Lyapunov function candidate VI =i(sTs,), i = 1,. . . , nz, an equivalent control is given first such that each state Lyapunov-like condition holds for system stability [4] or in sum Inequality (5) constrains the trajectories to point towards the sliding surface si(t) such that the distance to the sliding surface decreases along all system trajectories as illustrated in Fig. 1 , and is referred to as the reaching condition [3]. To meet the reaching condition, a hitting control term i i h must be added to guarantee the reaching condition (5) in the presence of parameter and disturbance uncertainties. That is, the states of the system are driven from any initial state to the eventual sliding surface on which sliding mode control takes place.
It is obvious that to obtain the sliding mode control law, the control strategy consists of two design goals: first, to force the system toward a desired dynamics; and secondly, to maintain the system on that differential geometry. Motivated by the principle of SMC, the equivalent control i i , , is estimated by using an adaptive mechanism that forces the system state to slide on the sliding manifold and the hitting control iilz that drives the states toward the sliding manifold. Thus the control law can be represented as
where he, and iih> respectively, are yielded through fuzzy and nonfuzzy design modes.
Design of the fuzzy sliding mode controller
One of the essential elements in designing a sliding mode controller is the model of the dynamical system to be controlled. In many situations, accurate mathematical models of the system are not available or are difficult to formulate, or are incomplete because the plant has a complicated design. It is obvious that the difficulty for MIMO systems control is how to overcome the coupling effects among each degree of freedom. To solve these difficulties, we need a tractable model for the controller. An appropriate decoupling network is incorporated into this tractable model to control the MIMO systems to compensate for the dynamic coupling between each degree of freedom. We developed a new control approach for controlling MIMO systems by combining the fuzzy approximator of the system with its MIMO sliding mode control, resulting in a decoupled fuzzy sliding mode controller. That is, the fuzzy logic system theory is applied to design the sliding mode controller for system (1). The design objective is to choose a sliding manifold s satisfying the Hurwitz stability criterion and the related discontinuous control law such that the error state attains a sliding mode. If we design a controller that satisfies the reaching condition (5), then the system state will approach the sliding surface from any initial state within a finite time and move along the sliding surface to the origin. This implies that the system dynamics are governed only by the sliding surface and will track the reference trajectory asymptotically. Therefore the control problem is to obtain the optimal control input U* that guarantees the reaching condition (5). The ideas behind the controller are as follows. The proposed adaptive fuzzy sliding mode controller is composed of three parts: an MIMO SMC, a fine-tuning mechanism on the consequent membership functions of the multilayer fuzzy system, and a decoupling network. Fig. 2 shows the configuration of the MIMO sliding mode controller and the interconnected compensating network of the adaptive fuzzy control system. The multilayer fuzzy system and the decoupling network are nominal designs based on an online approximation of the unknown nonlinear functions of the plant. The fine-tuning mechanism is designed to encounter the equivalent uncertainty resulting from the plant uncertainty, the function approximation error, or the external disturbances.
Consider the nonlinear system (1) and let the sliding surface be defined as in (3). Let u! be the output of the system's ith MIMO SMC. Then, for the system given in (l), the ith sliding surface is si. Hence, this MIMO SMC also has m sliding surfaces to form a sliding manifold so that the system exhibits desirable behaviour when its trajectories are confined in the sliding surfaces. If the control law is designed such that the sliding mode exists on si=O, i = 1,. . . , m, the system error dynamics are dictated by the linear dynamic equations ( 3 ) . Since (3) satisfies the Hurwitz stability criterion from (4), maintaining system states on sliding surfaces for all t > 0 is equivalent to requiring that the system errors converge to zero. Thus, the tracking control problem can be formulated by keeping the tracking error 2(t) = [el, . . . , e,JT on the sliding manifold defined as follows: This optimal sliding mode control input u? guarantees the reaching condition of (5). This completes the proof.
Since the control of nonlinear MIMO systems uses the sliding mode control directly but does not take the interconnections among subsystems into consideration, the interconnection compensating network is needed. Thus, the proposed sliding mode controller has a neural part to release the interaction among the subsystems. The output of the controller is combined with uo and its modification by a decoupling network u(t) = UO(t) + MuO(t) (12) To derive a stable weight adaptation in the control matrix, the matrix M be chosen as . . . ' 
Using (9), (12)- (14) and the matrix inversion
the formulation of MIMO SMC resolves into
where G = C +i! By plugging u into (8), we will have S = -Ksgn(s). Thus, the reaching condition (5) can be easily verified. H?wever, f and G are unknown, only their estimations7 and G can be used to construct u. Moreover, to account for the system uncertainties and disturbance, each Ki is chosen to be large enough to satisfy the reaching condition. It can be seen from (15) that the control input u is discontinuous across s(t), which leads to unwanted chattering. An adaptive fuzzy controller is proposed to eliminate the chattering and to achieve practical applicability of the proposed sliding control design.
Description of the adaptive fuzzy system
Various fuzzy models and their control have been successfully applied in many fields [2 1, 23-26]. The basic configuration of the fuzzy logic system comprises four principal components: fuzzifier, fuzzy rule base, fuzzy inference engine and defuzzifier [18] . The fuzzy control rules are the principal factor in determining the performance of a fuzzy controller. The fuzzy system can uniformly approximate nonlinear continuous functions to arbitrary accuracy [27, 281. Thus we will introduce fuzzy systems, which are expressed as a series expansion of fuzzy basis functions, to model the uncertainties G(x) andflx) by tuning the parameters of the corresponding fuzzy systems. The configuration of the fuzzy system with adjustable rule credit assignment is shown in Fig. 3 [29] .
The fuzzy logic system performs a mapping from U c R" (19) t/ = /'=I 5 (ii k=l P&J)
Learning algorithm and performance analysis
We now show how to derive an adaptive law to adjust the controller parameters such that the estimated equivalent control a, , can optimally approximate the equivalent control of the FSMC, given the unknown functions f and G. We construct the hitting control to guarantee the system's stability by the Lyapunov theory so that the ultimately bounded tracking is accomplished.
We define the control u = &, + u,, where the auxiliary input is IEE Proc.-Control Theory Appl., K j l . 149 . No. 3, May 2002 and where . . , m and the hitting control is u,, = G- uh. We define the parameters 0: € R N and w$ € R N of the best function approximation as (27) where By the fact 8i= fli, kii= wij and (23) 
v = V , + V , + " ' + V m
Taking the derivative of (30) and using (7) and (S), one has (3 1)
To ensure that (31) is less than zero, the hitting control should be selected as
This means that the inequality R.=s+ki < 0 is obtained and the hitting control actually achieves a stable FSMC system. This completes the proof.
From the above discussion, we use an FSMC to estimate the equivalent control of the SMC system. In addition, the requirement of the system stability is also proved and ensured by the hitting control. However, the hitting control part described previously is a high gain bang-bang control. It is usually proportional to the bounds ofJ; and go in (26) and is discontinuous across si so that heavy chattering arises. In addition, a very large control force may be generated and may activate high-frequency unmodelled dynamics [4]. These drawbacks have been considered in [20] , where the boundary layer concept was utilised as a compact measure of the equality of the uncertainty estimate. In fact, as si is large, the upper bounds ofJ; and gii are appropriate choices, but for small si these bounds may be unsuitable. This implies that bound on si can be directly considered when minimising the hitting control.
From empirical knowledge of the design of sliding mode controllers, the equivalent control is used when the state trajectory is near si=O. While the hitting control is appended in the case of si#O [20] , a large hitting control will force the state trajectories to approach the sliding surface si=O rapidly, but at the same time, tend to excite chattering. Thus, when the state trajectories are far from the sliding surface, that is, when the value of I si I is large, the hitting control should be correspondingly increased and rules are well defined to satisfy the stability of the control system. Therefore, a fuzzy rule base is of the form
If s, is NZ Then zi, is ui = 2 , ; + Girl (33) where ZO and NZ denote zero and nonzero fuzzy sets, respectively, and the input variable si is given in (3). The modified control law of the fuzzy controller for (7) is
where pzo(si) and pNZ(si) are the membership functions of fuzzy sets ZO and NZ, respectively. The membership functions of fLizzy sets ZO and NZ are selected to overlap and be symmetric to satisfy ,UZ&~) + p~~( s i ) = 1. If we choose the triangle membership functions as shown in Fig. 5 for the fuzzy sets ZO and NZ of si, the control law zii will be continuously adjusted by the use of the fuzzy logic depending on a 'ZO' layer s!. When holding the condition IsiI>s!, it can be seen that the control law is the same as the proposed FSMC. However, the amount of hitting control in region 1s; I < s! is dominated by the grade of the membership function of NZ, that is, the hitting control could be attenuated by the grade of NZ.
Simulation results
Here, we demonstrate the proposed FSMC by the tracking control of a two-link robotic manipulator with two degrees of freedom in the rotational angles described by angles ql and q2, as shown in In the control experiments described below, the kinematics and inertial parameters of the arm are chosen as ~I = 2 . 0 4 i n , 12= 1.66m, J l = J 2 = 4 . S kg.m, m , =0.6Okg, m2 = 7.02 kg, respectively. The trajectories to be followed are described by two decoupled linear systems from (3), the desired coefficients are specified to be a,, = 2, aZ2 = 1, i = I , 2. The robot is given by the following target joint rotations: can be seen that the control law is the same as the proposed FSMC. However, the amount of hitting control in region Is, I < sl is dominated by the grade of the membership function of NZ, that is, the hitting control could be attenuated by the grade of NZ.
The desired trajectories, the tracking errors, the state trajectories of the phase plane, and variations of the sliding surfaces with and without boundary layer for ql(t) and q Z ( t ) are shown in Figs. 7-10 , respectively. The simulation results reveal that FSMC both with and without a boundary layer, encountering the combined effects of friction, parametric uncertainties, unmodelled dynamics and external disturbance, can attenuate the tracking error efficiently. As a result, while appending the boundary layer to FSMC, the system has less chattering than that without using it. Moreover, without using any a priori linguistic information, our adaptive fuzzy sliding mode controller has successfully executed the trajectory following control of the robot system. 
Conclusions
An adaptive fuzzy controller based sliding mode control has been proposed for the robust trajectory tracking of MIMO control systems with unknown nonlinear dynamics. The core of this structure does not require knowledge of the system dynamics and parameters to compute the equivalent control, and an adaptive fuzzy system is developed to further compensate the system uncertainty and ltnowledge incompleteness. This design obtains robustness in the sense that the self-tuning mechanism can automatically adapt the fuzzy controller by using a learning algorithm and the global asymptotic stability of the algorithm is established via the Lyapunov stability criterion. When matching with the model occurs, the overall control system becomes equivalent to a stable dynamic system. The simulation presented in the two-link robotic manipulator control indicates that the proposed approach is capable of achieving a good chatter-free trajectory following performance without the knowledge of the plant parameters. In conclusion, the proposed FSMC is superior to its predecessors. The design can achieve the goal of composite nonlinear multivariable control and also guarantee that the output tracking error can ultimately converge to a residual set.
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